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Abstract
We prove that all finite type invariants of ribbon 2-knots are polynomials of the coefficients of the
power series expansions at t = 1 of the normalized Alexander polynomials. We completely determine
the structure of the algebra of finite type invariants of ribbon 2-knots. Ó 2001 Elsevier Science B.V.
All rights reserved.
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1. Introduction
In a joint work with Kanenobu [3], we introduced a notion of finite type invariants of
ribbon 2-knots, which is a natural generalization of that of finite type invariants of classical
knots. In this theory, operations of unclasping a ribbon singularity in a ribbon disk play the
role of crossing changes in the theory of classical finite type invariants.
We defined in [3] the “normalized Alexander polynomial” ∆˜K(t) ∈ Z[t, t−1] for a
ribbon 2-knot K to be the Alexander polynomial of K satisfying ∆˜K(1) = 1 and
(d∆˜K/dt)(1)= 0. This normalization removes the ambiguity of the Alexander polynomial
by multiplication of units of the ring Z[t, t−1]. We define integer-valued invariants
α2, α3, . . . of ribbon 2-knots by
∆˜K(t)= 1+ α2(K)(t − 1)2 + α3(K)(t − 1)3 + · · · ∈ Z[[t − 1]]. (1)
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In other words, we set
αk(K)= 1
k!
(
dk∆˜K/dtk
)
(1).
We proved in [3] that, for each integer k > 2, the invariant αk is of type k, i.e., “vanishes
on the k + 1 fold alternating sum of ribbon 2-knots determined by k + 1 independent
unclasping of ribbon singularities”. (For a more precise definition, see [3] or see below.)
This is a natural generalization of the result that the coefficients of z2k in the Alexander–
Conway polynomial∆K(z) ∈ Z[z2] is an invariant of type 2k (see [2]).
The purpose of the present paper is to prove the following theorem.
Theorem 1.1. The rational vector space of rational valued finite type invariants of ribbon
2-knots, I(K2,Q), is the polynomial algebra Q[α2, α3, . . .], where αi is the ith coefficient
of the expansion of the normalized Alexander polynomial ∆˜K(t) = 1+ α2(K)(t − 1)2 +
α3(K)(t − 1)3+ · · · . The Z-submodule I(K2,Z) of I(K2,Q) consisting of integer valued
finite type invariants of ribbon 2-knots is generated as a Z-subalgebra of I(K2,Q) by the
binomial coefficients (αm
j
)
, where(
αm
j
)
= αm(αm − 1)(αm − j + 1)
j ! , m> 2 and j > 1.
Corollary 1.2. Two ribbon 2-knots K and K ′ are not distinguished by any finite type
invariants if and only if K andK ′ have the same normalized Alexander polynomial. Hence
there are non-equivalent ribbon 2-knots with the same finite type invariants.
The rest of this paper is organized as follows. In Section 2, we give some definitions,
including ribbon knots and ribbon presentations. In Section 3, we introduce some moves on
ribbon presentations which does not change the associated ribbon knots. In Section 4, we
recall the definition of finite type invariants of ribbon 2-knots. Here we give also a similar
definition of finite type invariants of classical ribbon knots. In Section 5, we obtain a finite
set of generators of each graded quotient of the filtration on ribbon knots. In Section 6,
we concentrate on the case of ribbon 2-knots and investigate the structure of the space of
finite type invariants of ribbon 2-knots. In Section 7, we give a conjecture on finite type
invariants of classical ribbon knots. In Section 8, we remark on some generalizations.
2. Preliminaries
We work in piecewise linear category. All manifolds are compact and oriented unless
otherwise specified.
For an integer n> 1, an n-knotK will mean a locally flat oriented n-sphereK embedded
inRn+2. Two n-knotK andK ′ are said to be equivalent if there is an orientation-preserving
self-homeomorphism of Rn+2 that maps K onto K ′ in an orientation-preserving way.
Definition 2.1. For an integer n > 1, a ribbon n-knot K in the (n+ 2)-space Rn+2 is an
n-knot in Rn+2 which bounds a ribbon (n + 1)-disk. Here a ribbon (n + 1)-disk is the
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Fig. 1. Here the band Bi connects two distinct disks Dj0 and Djr+1 and transversely intersects r
disks Dj1 , . . . ,Djr . Here the numbers j1, . . . , jr ∈ {1, . . . , p + 1} may or may not be distinct from
each other, and some of the jl ’s may equal to j0 or jr+1.
image of an immersion f of an (n + 1)-disk Dn+1 into Rn+2 such that the singularity
of f consists of finitely many ribbon singularities, i.e., an n-disk consisting of transverse
double points and whose preimage consists of a proper n-disk in Dn+1 and an n-disk in
the interior of Dn+1.
Following [5], we use ribbon presentations 2 to present ribbon disks as follows.
Definition 2.2. A ribbon presentation P = D ∪ B of p fusions in R3 (p > 0) is an
immersed oriented 2-disk in R3 equipped with a decomposition into two subsurfaces
D=D1 ∪ · · · ∪Dp+1 and B = B1 ∪ · · · ∪Bp (p> 0) satisfying the following conditions.
(1) D1, . . . ,Dp+1 are disjoint embedded disks in R3.
(2) B1, . . . ,Bp are disjoint embedded bands in R3.
(3) Each band Bi transversely intersects with the interiors of the disks D1, . . . ,Dp+1
by some arcs which are parallel in Bi to the two attaching arcs in ∂Bi , see Fig. 1.
(4) The total space P is an immersed disk in R3.
Observe that P is a ribbon 2-disk in R3. We call D1, . . . ,Dp+1 the disks of P and
B1, . . . ,Bp the bands of P . If a disk D of P and a band B of P meet at the boundaries,
then we say that D and B are incident to each other. We call the connected components of
the intersection of the bands of P and the interior of a disk D of P the singularities in D.
It is clear that the boundary ∂P of a ribbon presentation P is a ribbon 1-knot. We call it
the associated ribbon 1-knot to the ribbon presentation P and denote it by K1P .
Two ribbon presentations P = D ∪ B and P ′ = D′ ∪ B′ are equivalent if there is
an orientation-preserving self-homeomorphism of R3 which maps P onto P ′ in an
orientation-preserving way and preserving the decomposition.
We set
VP =D× [−2,2] ∪ B× [−1,1]. (2)
Then it is easy to see that VP ⊂ R4 is a ribbon 3-disk. We call it the associated ribbon
3-disk VP to P . The associated ribbon 2-knot K2P to P is defined to be the boundary of
2 In [3], ribbon presentations are called “ribbon handlebody”.
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VP . By results in [9,10], every ribbon 2-knot in R4 is equivalent to K2P for some ribbon
presentation P .
Let P denote the set of equivalence classes of ribbon presentations and, for n = 1,2,
let Kn denote the set of equivalence classes of ribbon n-knots. Let κn :P→ Kn denote
the surjective map which maps the equivalence class of a ribbon presentation P to the
equivalence class of the associated ribbon n-knot KnP .
3. Moves on ribbon presentations
In this section, we introduce some moves on ribbon presentations preserving the
equivalence class of associated ribbon n-knots, n= 1,2.
Definition 3.1. Let P be a ribbon presentation. Let D be a disk of P . We call D a node
of P if D has no singularity. We call D a leaf of P if D has at least one singularity and is
incident to just one band. A leaf D of P is simple if D has just one singularity.
Definition 3.2. A ribbon presentation P is good if every disk of P is either a leaf or a
node. A good ribbon presentation P is simple if every leaf of P is simple.
We define some moves on ribbon presentations as follows.
Move S1: Band-summing two disks along a band without singularities, or vice versa, see
Fig. 2.
Move S2: Passing a “tangle of bands and disks” across a disk, here a “tangle of bands and
disks” is a part of a ribbon presentation contained in a 3-ball, see Fig. 3.
Move S3: Inserting a node into a band, see Fig. 4.
Fig. 2.
Fig. 3.
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Fig. 4.
Fig. 5.
Fig. 6.
Fig. 7.
Fig. 8.
Move S4: Passing a band across another and then introducing two leaves, one node, and
two bands as depicted in Fig. 5.
Move S5: Twisting a band and then introducing a leaf, a node and a band as depicted in
Fig. 6.
Move S6: The move depicted in Fig. 7.
Move S7: Sliding a root of a band across another as depicted in Fig. 8.
Definition 3.3. Two ribbon presentations P and P ′ are σ 1-equivalent (respectively, σ 2-
equivalent) if P and P ′ are related by a finite sequence of the moves S1–S6 (respectively
S1–S7).
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Fig. 9.
Proposition 3.4. If two ribbon presentations P and P ′ are σn-equivalent (n= 1,2), then
the two ribbon n-knots KnP and K
n
P ′ are equivalent.
Proof. The case n= 1 is clear. The case n= 2 is well known (see, e.g., [5,6]). 2
Remark 3.5.
(1) We can prove that the σ 1-equivalence is equal to the stable equivalence defined
in [5]. However, we do not prove that here since we do not need it in what follows.
The point is that the moves introduced above do not change the knot types.
(2) The moves defined above are highly redundant. For example, move S4 can be
achieved as a sequence of moves S1, S2 and S3. We do not attempt to give a minimal
generating moves of σn-equivalence here.
For n = 1,2, let Pn denote the set of σn-equivalence classes of ribbon presentations.
By Proposition 3.4, the map κn :P→Kn factors through the projection pin :P→ Pn. Let
κ¯n :Pn→Kn denote the natural map.
Lemma 3.6. Let P1 and P2 be two ribbon presentations. Then any two connected sums of
P1 and P2 are σn-equivalent to each other for n= 1,2.
Proof. Let P1]B1P2 and P1]B2P2 be two ribbon presentations of connected sums of P1
and P2. Here, a connected sum P1]BiP2 is obtained from ribbon presentations P1 and P2
in the disjoint union of 3-balls by connecting a disk Di,1 of P1 and a disk Di,2 of P2 by a
band Bi . By sliding a band Bi , we may assume D1,1 = D2,1 and D1,2 =D2,2. However,
new ribbon singularities appear. Here, the sliding of B is replacing a band B with another
band as shown in Fig. 9. Note that the sliding is realized by a finite sequence of moves S1,
S2 and S3. The new ribbon singularities can be canceled by a finite sequence of moves S2.
Hence P1]B1P2 and P1]B2P2 are σn-equivalent (n= 1,2). This completes the proof. 2
4. Definition of finite type invariants of ribbon knots
In this section we define a filtration on the free abelian groupsZPn andZKn for n= 1,2.
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Fig. 10. (a) A leaf L. (b) The node L0 (after a small isotopy).
Definition 4.1. Let L be a leaf of a ribbon presentation P and let B be the incident band.
Let L0 be a 2-disk L0 ⊂ L such that L0 ∩ B = ∂L ∩ B and such that PL is the ribbon
presentation obtained from P by replacing L with L0. We call such a disk L0 a trivialized
node of the leaf L, and the ribbon presentation PL a trivialization of P at L. It is clear that
L0 and PL are unique up to equivalence. See Fig. 10.
Definition 4.2. A marking λ = {λ1, . . . , λk} of a ribbon presentation P of size k > 0 is
a set of k distinct leaves λ1, . . . , λk of P . Let Pλ denote the ribbon presentation obtained
from P by replacing the leaves λ1, . . . , λk with trivialized nodes (λ1)0, . . . , (λk)0. Clearly,
Pλ is determined by P and λ uniquely up to equivalence.
Definition 4.3. We call a pair (P,λ) of a ribbon presentation P and a marking λ of size
k a scheme of degree k, or a k-scheme. The leaves λ1, . . . , λk ∈ λ are called the marked
leaves of (P,λ). When a leaf L of P is marked, we sometimes denote it by L∗, and in
figures we place a mark ‘∗’ near the leaf L.
We say that a scheme (P,λ) is x if P is x , where “x” is a word representing a property of
a ribbon presentation. Hence (P,λ) is good (respectively simple) if P is good (respectively
simple).
For a k-scheme (P,λ), λ= {λ1, . . . , λk} (k > 0), we define [P,λ] ∈ ZPn by
[P,λ] =
∑
λ′⊂λ
(−1)|λ′|[Pλ′ ], (3)
where the sum is over all 2k subsets λ′ of λ, |λ′| ∈ Z denotes the number of elements of λ′,
and [Pλ′ ] denotes the σn-equivalence class of the ribbon presentation Pλ′ .
In what follows we regard via (3) every k-scheme (P,λ) with k > 0 an element of ZPn.
Thus a marked leaf L∗ is the difference of the (non-marked) leaf L and a trivialized node
L0, see Fig. 11. This means the following identity.[
P,λ∪ {L}]= [P,λ] − [PL,λ] (4)
for a marking λ= {λ1, . . . , λk} of size k and a leaf L /∈ λ of P .
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Fig. 11.
Let Jk(Pn) denote the subgroup of ZPn generated by the elements [P,λ], where (P,λ)
is any k-scheme. Using (4), we can easily check that there is a descending filtration on
ZPn
ZPn = J0(Pn)⊃ J1(Pn)⊃ J2(Pn)⊃ · · · ⊃ Jk(Pn)⊃ · · · . (5)
For n = 1,2, let κ¯n :ZPn→ ZKn denote the linearization of κ¯n :Pn→ Kn. For each
k > 0, we set Jk(Kn)= κ¯n(Jk(P n)). Then we have the following surjections of filtrations
ZPn
κ¯n
= J0(Pn)
κ¯n
⊃ J1(Pn)
κ¯n
⊃ · · · ⊃ Jk(Pn)
κ¯n
⊃ · · ·
ZKn = J0(Kn) ⊃ J1(Kn) ⊃ · · · ⊃ Jk(Kn) ⊃ · · ·
(6)
Definition 4.4. Let n = 1,2 and k > 0. Let A be an abelian group. A homomorphism
f :Kn → A is an invariant of ribbon type k if f vanishes on Jk+1(Kn). The abelian
group of A-valued invariants of ribbon type k, which we denote by Ik(Kn,A), is naturally
isomorphic to the abelian group HomZ(ZKn/Jk+1(Kn),A). We denote by I(Kn,A) the
abelian group of A-valued finite ribbon type invariants, i.e., I(Kn,A)=⋃∞k=0 Ik(Kn,A).
The definition of the filtration R0 ⊃R1 ⊃ · · · on ribbon 2-knots given in [3] is slightly
different from that of J0(K2) ⊃ J1(K2) ⊃ · · · given here. We define, for n = 1,2, a
subgroup J sgk (Pn) of ZPn to be generated by the elements [P,λ], where (P,λ) is any
simple good k-scheme. We set J sgk (Kn)= κ¯n(J sgk (Pn)). Then we haveRk = J sgk (K2). We
have the following result.
Proposition 4.5. For n = 1,2 and k > 0, we have Jk(Pn) = J sgk (Pn). Hence we have
Jk(Kn)= J sgk (Kn).
Proof. Clearly, we have J sgk (Pn)⊂ Jk(Pn), so we prove here that Jk(Pn)⊂ J sgk (Pn). We
have to prove, for a k-scheme (P,λ), we have [P,λ] ∈ J sgk (Pn). Without loss of generality
we may assume that P is good since, if not, we replace each disk D of P which are neither
a leaf nor a node with a leaf L and a node N connected by a band using move S1, see
Fig. 12. If there is a non-simple marked leaf L in (P,λ), then, using the equation shown
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Fig. 12.
Fig. 13. Here the first identity is by (4), the next is by move S1, and the last is again by (4).
in Fig. 13, we may express the element [P,λ] as a sum of elements [P ′, λ′], where the
numbers of singularities contained in marked leaves in (P ′, λ′) is less than that in (P,λ).
Therefore [P,λ] is a linear combination of elements [P ′, λ′], where every marked leaf of
(P ′, λ′) are simple, so we may safely assume that (P,λ) is a marked ribbon presentation of
such kind. If there is a non-simple, non-marked leaf L in (P,λ), then we replace L by some
simple leaves using move S1 as depicted in Fig. 14. Hence we have [P,λ] ∈ J sgk (Pn). This
completes the proof. 2
5. Structures of the groups of finite type invariants
In this section we investigate the structures of the filtrations (6) and, dually, that of the
filtration
I0(Kn)⊂ I1(Kn)⊂ · · · ⊂ Ik(Kn)⊂ · · · . (7)
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Fig. 14.
We here prove that the group ZPn/Jk+1(Pn) is finitely generated and hence so are
ZKn/Jk+1(Kn). This also implies that, for any commutative ring with unit A, the A-
module Ik(Kn,A) of A-valued invariants of ribbon type k is finitely generated over A.
We set J¯k(Pn) = Jk(Pn)/Jk+1(Pn) and J¯k(Kn) = Jk(Kn)/Jk+1(Kn). The surjective
homomorphism κ¯n :Jk(Pn)→ Jk(Kn) induces a surjective homomorphism κ¯n : J¯k(Pn)→
J¯k(Kn). For an element x ∈ ZPn, we denote by [x]k+1 the corresponding element in
ZPn/Jk+1(Pn), and, especially, for a k-scheme (P,λ), we set [P,λ]k+1 = [[P,λ]]k+1.
Lemma 5.1. Let (P,λ) be a k-scheme. Suppose L is a non-marked leaf of (P,λ) and B
is the incident band of L. Then we have [P,λ]k+1 = [PL,λ]k+1 in J¯k(Pn).
Proof. By (4), we have [P,λ] = [PL,λ] + [P,λ ∪ {L}] in Jk(Pn), and hence we have
[P,λ]k+1 = [PL,λ]k+1 in J¯k(Pn). This completes the proof. 2
Definition 5.2. A scheme (P,λ) is full if every leaf of P is marked.
By Proposition 4.5 and Lemma 5.1, J¯k(Pn) is generated by the elements [P,λ]k+1,
where (P,λ) is a full, simple, good k-scheme.
Lemma 5.3. Let (P,λ) and (P ′, λ′) be two k-schemes related by either a crossing change
of bands or a full-twisting of a band. Then we have [P,λ]k+1 = [P ′, λ′]k+1.
Proof. Clear from Lemma 5.1 and move S4 and S5. 2
In the following, we prove that J¯k(Pn) is generated by a special class of k-schemes,
which we call “wheel-like” k-schemes.
Lemma 5.4. In J¯k(Pn), we have the identity shown in Fig. 15.
Proof. This comes from the identity in J¯k(Pn) shown in Fig. 16, which is derived from
the identity in Jk(Pn) shown in Fig. 13 and Lemma 5.1. 2
Lemma 5.5. In J¯k(Pn), we have the identity shown in Fig. 17, where there are some
leaves, nodes and bands in the two boxes labeled “any”.
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Fig. 15.
Fig. 16.
Fig. 17.
Proof. We can easily check this using the move S2 and Lemma 5.4. 2
Definition 5.6. A ribbon presentation is star-like if it is good and if it has just one node.
First we show the following proposition.
Lemma 5.7. For n = 1,2 and k > 0, the abelian group J¯k(Pn) is generated by the
elements [P,λ]k+1, where (P,λ) are star-like, full, simple k-schemes.
Proof. By Lemmas 4.5 and 5.1, we have only to prove that, for a full, simple, good k-
scheme (P,λ), the element [P,λ]k+1 is a linear combination of the elements [P ′, λ′]k+1,
where (P ′, λ′) are star-like, full, simple k-schemes. The proof is by induction on the
number l of nodes in P . If l = 0, then by move S3 we insert a node into a band of P
and we obtain a star-like, full, simple k-scheme (P ′, λ) with [P,λ] = [P ′, λ]. If l = 1, then
there is nothing to prove. Let l > 2 and suppose that the result holds for smaller l. Let B be
a band in P connecting two nodes N1 and N2. Using move S2, we move N2 through the
leaves intersecting B and, using move S1, we glue the node N1 and the new node N ′, see
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Fig. 18.
Fig. 18. This process yields a star-like, full k-scheme (P ′, λ′) with l − 1 nodes satisfying
[P,λ] = [P ′, λ′]. By Lemma 5.4, [P ′, λ′]k+1 is a linear combination of elements of the
form [P ′′, λ′′]k+1, where (P ′′, λ′′) is a star-like, simple, full k-scheme with l−1 nodes. By
the induction hypothesis, we have the desired result. 2
We have the following finiteness theorem.
Theorem 5.8. For n = 1,2 and k > 0, the abelian group J¯k(Pn) is finitely generated.
Hence so is J¯k(Kn).
Proof. By Lemma 5.7, the group J¯k(Pn) is generated by a set of star-like, full, simple,
good k-schemes representing the equivalence classes of such k-schemes under the
equivalence relation generated by ambient isotopies and crossing change of bands. It
is clear that there is only finitely many equivalence classes. Hence J¯k(Pn) is finitely
generated. This completes the proof. 2
Corollary 5.9. For n = 1,2 and k > 0, the abelian group ZPn/Jk+1(Pn) and hence
ZKn/Jk+1(Kn) are finitely generated. Hence, for any commutative ring with unit, R, the
R-module Ik(Kn,R) is finitely generated over R.
Proof. Clear from the fact that ZPn/Jk+1(Pn) is an iterated extension of the finitely
generated abelian groups J¯0(Pn), . . . , J¯k(Pn). 2
Before proceeding, we need some definitions.
A core β of a band B in a ribbon presentation P is a proper arc β in B which runs
between the two attaching arcs in such a way that β intersects each singularity in B once.
Let P =D ∪B (D=D0 ∪D1 ∪ · · · ∪Dp and B = B1 ∪ · · · ∪Bp) be a star-like, simple
ribbon presentation such that D0 is the node of P and such that, for each i = 1, . . . , p, Bi
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Fig. 19.
is a band connecting the leafDi withD0. Let βi be a core of Bi for i = 1, . . . , p. We orient
each βi in such a way that βi runs from D0 to Di .
For a simple ribbon presentationP =D∪B, a segment in P is the closure of a connected
component of B \D. Thus a band B in P is decomposed into finitely many segments.
Let L be a leaf in a star-like, simple ribbon presentation P and let B be the band
intersecting L. We call the two segments on the two sides of the singularity in L the
incoming segment and the outgoing segment according to whether the core of the band
B run into L or run out of L, see Fig. 19. We say that a leaf L′ is next to a leaf L if the
outgoing segment of L is either the incident or the incoming segment of L′.
A cycle C = (L1, . . . ,Lm) (m > 1) in a star-like, simple ribbon presentation P is a
sequence of leaves L1, . . . ,Lm such that for each i = 0, . . . ,m − 1, Li+1 is next to Li ,
where we set L0 = Lm. If a leaf L is contained in a cycle C, then we say L is on C.
A cycle C = (L1, . . . ,Lm) is a wheel if the outgoing segment of Li is incident to Li+1.
A wheel-like ribbon presentation P is a star-like, simple ribbon presentation such that
every cycle in P is a wheel and such that every leaf of P is on some wheel in P . A k-
scheme (P,λ) is wheel-like if P is wheel-like.
Proposition 5.10. For n = 1,2 and k > 0, the abelian group J¯k(Pn) is generated by the
elements [P,λ]k+1, where (P,λ) are wheel-like, full k-schemes.
Proof. By Lemma 5.7, we have only to prove that, for a star-like, simple, full k-scheme
(P,λ), the element [P,λ]k+1 is a linear combination of elements [P ′, λ′]k+1, where
(P ′, λ′) are wheel-like, full k-schemes. We may assume k > 1.
First we prove that [P,λ]k+1 is a linear combination of elements [P ′, λ′]k+1, where
(P ′, λ′) are star- like, simple, full k-schemes such that every leaf of P ′ is on some cycle.
The proof is by induction on the number l of leaves in P not on any cycle. If l = 0, then
there is nothing to prove. Let l > 1 and assume that the claim holds for smaller l. There is
a leaf L in P not on any cycle but such that the leaf L′ next to L is on a cycle. Then the
identity in J¯k(Pn) shown in Fig. 20 holds. Each of the two star-like, simple, full k-schemes
on the right hand side has l−1 leaves not on any cycle. By assumption, we have the desired
result.
By the above argument we may assume that every leaf of P is on some cycle. The proof
is by induction on the number l of leaves L such that the outgoing segment of L is the
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Fig. 20.
Fig. 21.
incoming segment of the leaf L′ that is next to L. If l = 0, then there is nothing to prove.
Let l > 1 and assume that the result holds for smaller l. There is a leaf L in P of which the
incident segment is incident to the node of P and the outgoing segment is incident to the
leaf L′ that is next to L. Then the identity in J¯k(Pn) shown in Fig. 21 holds. The star-like,
simple, full k-scheme on the right hand side has l − 1 leaves whose outgoing segment is
the incoming segment of the leaf next to it. By assumption, we have the desired result. 2
Remark 5.11. The identities in Figs. 20 and 21 are an analogue of the “IHX relation” for
Chinese character diagrams [2].
Let P is a star-like, simple ribbon presentation and let L be a leaf in P . The sign at
L is the sign of the intersection of the 2-disk L and the core of the band intersecting L.
A ribbon presentation P is said to be positive if the signs at the leaves of P are all positive.
Lemma 5.12. Let (P,λ) and (P ′, λ′) be two k-schemes related by a half twist of a
segment incident to a simple marked leaf L of P , see Fig. 22. Then we have [P,λ]k+1 +
[P ′, λ′]k+1 = 0.
Proof. The identity in Fig. 23 is a special case of an identity in Fig. 17. This comes from
the identity in J¯k(Pn) shown in Fig. 23. 2
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Fig. 22.
Fig. 23.
Proposition 5.13. For n = 1,2 and k > 0, the abelian group J¯k(Pn) is generated by the
elements [P,λ]k+1, where (P,λ) are positive wheel-like, full k-schemes.
Proof. Clear from Lemmas 5.10 and 5.12. 2
Remark 5.14. Lemma 5.3 and Proposition 5.13 imply that J¯k(Pn) is generated by the
elements of the form depicted in Fig. 24. Such a generator is specified by a finite sequence
(m1, . . . ,ml) (l > 0) of positive integers with m1+ · · ·+ml = k and a permutation σ ∈ Sk
of k elements. Note that, in the case n= 1, the image of these generators by κ1 are exactly
the same as the ribbon knots constructed by Ng [7] only that the generators given here have
possibly more than one wheels.
6. Finite type invariants of ribbon 2-knots
In this section we concentrate on ribbon 2-knots and determine the structure of the
abelian groups ZP2/Jk+1(P2) and ZK2/Jk+1(K2). We also investigate I(K2,R) where
R is Z or Q.
6.1. Simple generators in the n= 2 case
Definition 6.1. For a sequence of integers m1, . . . ,mr > 1 (r > 0), we denote by
W(m1,...,mr ) = (P(m1,...,mr ), λ(m1,...,mr )) the positive, wheel-like, full k-scheme depicted in
Fig. 25. We write [W(m1,...,mr )] = [P(m1,...,mr ), λ(m1,...,mr )] etc. for simplicity. We denote by
K(m1,...,mr ) the associated ribbon 2-knotK2P(m1,...,mr ) of P(m1,...,mr ).
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Fig. 24.
Fig. 25. The k-scheme W(m1,...,mr ).
Note that the k-scheme W(m1,...,mr ) is a special kind of k-schemes described in
Remark 5.14. Note also that the ribbon 2-knotK(m1,...,mr ) is a connected sum of the ribbon
2-knotsKm1 , . . . ,Kmr .
If two positive, wheel-like, full k-schemes (P,λ) and (P ′, λ′) are related by move S7,
then we have [P,λ] = [P ′, λ′]. Hence J¯k(P2) is generated by the elements [P,λ]k+1,
where (P,λ) is a positive, wheel-like, full k-schemes of the type described in Remark 5.14
such that the braids of bands in Fig. 24 are trivial. That is, J¯k(P2) is generated by the
elements [W(m1,...,mr )]k+1, where (m1, . . . ,mr) is a sequence of positive integers with
m1 + · · · + mr = k. Moreover, we may assume that the sequence (m1, . . . ,mr) is non-
decreasing:m1 6 · · ·6mr , since changing the order ofmi ’s can be achieved by a sequence
of move S7.
Lemma 6.2. Let (m1, . . . ,mr) be a sequence of positive integers. Suppose thatmi = 1 for
some i . Then we have [W(m1,...,mr )] = 0.
Proof. The k-schemeW(m1,...,mr ) has a positive wheel containing just one marked positive
leaf, see left hand side of Fig. 26. This is zero since it is the difference of the two (k − 1)-
scheme which are related by move S6, see the rest of Fig. 26. This completes the proof. 2
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Hence we have the following.
Proposition 6.3. For each k > 0, the abelian group J¯k(P2) is generated by the elements
of the form W(m1,...,mr ), where (m1, . . . ,mr) is a non-decreasing sequence of integers > 2
with m1 + · · · +mr = k.
For an integer k > 0, an admissible sequence of degree k of integers, (m1, . . . ,mr)
(r > 0) will mean a non-decreasing sequence of integers > 2 with m1 + · · · +mr = k. For
each k > 0, let pk denote the number of admissible sequences of degree k. Thus we have
p0 = 1, p1 = 0, p2 = 1, p3 = 1, p4 = 2, p5 = 2, p6 = 4, and so on. By Proposition 6.3,
the rank of J¯k(P2) and hence that of J¯k(K2) is not greater than pk .
6.2. Bialgebra of finite type invariants of ribbon 2-knots
In this subsection, we investigate the bialgebra structure of ZP2 and ZK2, and hence
that of I(K2,R), where R = Z or Q.
The set K2 forms a monoid with multiplication induced by connected sum operation
and with the unit the equivalence class of an unknot U in R4. This monoid structure
defines a Z-bialgebra structure on ZK2 in the standard way. Let ∆ :ZK2→ ZK2 ⊗ ZK2
be the comultiplication and ε :ZK2→ Z be the counit. Similarly we define a bialgebra
structure on ZP2. This is possible since by Lemma 3.6 the connected sum of two ribbon
presentations are unique up to σ 2-equivalence. The obvious monoid surjection P2→K2
induces the bialgebra surjection ZP2→ ZK2.
Proposition 6.4. The descending filtration {Jk(K2)}∞k=0 defines a bialgebra filtration on
ZK2. I.e., we have
(1) Ji(K2)Jj (K2)⊂ Ji+j (K2) for i, j > 0,
(2) ∆(Jk(K2))⊂∑i+j=k Ji(K2)⊗ Jj (K2), for k > 0,
(3) ε(J1(K2))= {0}.
Proof. (1) For a star-like i-scheme (P,λ) and a star-like j -scheme (P ′, λ′), we have
[P,λ][P ′, λ′] = [P]P ′, λ ∪ λ′] ∈ Ji+j (P2), where P]P ′ denotes a connected sum of P
and P ′ along a band connecting the node of P and the node of P ′, and λ ∪ λ′ denote the
marking of P]P ′ determined by λ and λ′. This implies Ji(K2)Jj (K2)⊂ Ji+j (K2).
(2) We need the following two facts.
Fact 1. For a ribbon presentation P and a marking λ of P , we have Pλ =∑µ⊂λ(−1)|µ| ·
[P,µ].
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Proof. We have∑
µ⊂λ
(−1)|µ|[P,µ] =
∑
µ⊂λ
(−1)|µ|
∑
ν⊂µ
(−1)|ν|Pν
=
∑
ν⊂λ
(−1)|ν|(
∑
µ:ν⊂µ⊂λ
(−1)|µ|)Pν
=
∑
ν⊂λ
(−1)|ν|(−1)|λ|δνλPν = Pλ.
Here δνλ is Kronecker’s symbol, i.e., δνλ = 1 if ν = λ and 0 otherwise. This completes the
proof of Fact 1. 2
Fact 2. For a ribbon presentation P and a marking λ of P , we have ∆([P,λ]) =∑
ν⊂λ[P,ν] ⊗ [Pν,λ \ ν].
Proof. Using Fact 1, we have
∆
([P,λ]) = ∆(∑
µ⊂λ
(−1)|µ|Pµ
)
=
∑
µ⊂λ
(−1)|µ|Pµ ⊗ Pµ
=
∑
µ⊂λ
(−1)|µ|
(∑
ν⊂µ
(−1)|ν|[P,ν]
)
⊗Pµ
=
∑
ν⊂λ
(−1)|ν|[P,ν] ⊗
( ∑
µ:ν⊂µ⊂λ
(−1)|µ|Pµ
)
.
We have
∑
µ:ν⊂µ⊂λ(−1)|µ|Pµ =
∑
τ⊂λ\ν(−1)|ν|+|τ |(Pν)τ = (−1)|ν|[Pν,λ \ ν]. Hence we
have ∆([P,λ])=∑ν⊂λ[P,ν] ⊗ [Pν,λ \ ν]. This completes the proof of Fact 2. 2
By Fact 2, we have ∆(Jk(P2)) ⊂ ∑i+j=k Ji(P2) ⊗ Jj (P2), and hence we have
∆(Jk(K2))⊂∑i+j=k Ji(K2)⊗ Jj (K2).
(3) For any 1-scheme (P, {L}), we have ε([P, {L}]) = ε(P − P{L}) = 0. Hence
ε(J1(P2))= 0 and ε(J1(K2))= 0. 2
Remark 6.5. The bialgebras ZP2 and ZK2 are not Hopf algebras since for each ribbon
presentation P to which the Alexander polynomial of the associated ribbon 2-knot is non-
trivial, P is a non-invertible grouplike element ZP2 and hence κ2(P ) is such an element
in ZK2. At present it does not seem to be known whether every nontrivial 2-knot is non-
invertible under connected sum up to equivalence.
By Proposition 6.4, for R = Z orQ, I(K2,R) has the structure of the filtrated bialgebra
dual to that of ZK2. Thus the multiplication on I(K2,R) is defined by (fg)(K) =
f (K)g(K) for K ∈K2, the unit is the constant function 1, the comultiplication is defined
by∆(f )(K ⊗K ′)= f (K]K ′), and the counit is defined by ε(f )= f (U), where U is the
trivial 2-knot. The filtration {Ik(K2,R)}k>0 is a bialgebra filtration, i.e.,
(1) Ii (K2,R)Ij (K2,R)⊂ Ii+j (K2,R),
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(2) 1 ∈ I0(K2,R),
(3) ∆(Ii (K2,R))⊂∑j+k=i Ij (K2,R)⊗ Ik(K2,R).
The first of the properties above is restated as follows.
Proposition 6.6. If f :ZK2→ R is of ribbon type i and if g :ZK2→ R is of ribbon type
j , then the product fg is of ribbon type i + j .
6.3. Normalized Alexander polynomials of ribbon 2-knots
In this subsection we recall the results in [3] on the normalized Alexander polynomial
of ribbon 2-knots.
The Alexander polynomial ∆K(t) ∈ Z[t, t−1] of a ribbon 2-knot K is defined up to
multiplication of the units ±tm, m ∈ Z, of Z[t, t−1]. This Laurent polynomial satisfies
∆K(1) = ±1 [8], and, by a theorem of Kinoshita, any such Laurent polynomial is
realized as an Alexander polynomial of a ribbon 2-knot [4]. To kill the ambiguity of
factors ±tm, Kanenobu and the authors [3] define the normalized Alexander polynomial
∆˜K(t) ∈ Z[t, t−1] to be the unique choice of an Alexander polynomial of K satisfying
∆˜K(1)= 1 and (d∆˜K/dt)(1)= 0. We can restate Kinoshita’s theorem for the normalized
Alexander polynomials as follows.
Proposition 6.7. Any Laurent polynomial f (t) in an indeterminate t with f (1)= 1 and
(df/dt)(1)= 0 is realized as the normalized Alexander polynomial of a ribbon 2-knot.
For a ribbon 2-knotK , we expand the normalized Alexander polynomial ∆˜K(t) in t − 1
as follows.
∆˜K(t)= 1+ α2(K)(t − 1)2 + α3(K)(t − 1)3 + · · · . (8)
This defines countably many integer valued invariants of ribbon 2-knots,
α2, α3, . . . :ZK2→ Z.
By Proposition 6.7, these αi ’s are surjective. The main result in [3] is the following.
Theorem 6.8 (Habiro–Kanenobu–Shima). For k > 2, the invariant αk :ZK2 → Z is of
ribbon type k.
For each admissible sequence (m1, . . . ,mr) of integers, we set α(m1,...,mr ) = αm1 · · ·αmr .
By Theorem 6.8 and by Proposition 6.6, any α(m1,...,mr ) is an R-valued finite type invariant.
Lemma 6.9. The invariants α(m1,...,mr ), (m1, . . . ,mr) admissible, are linearly indepen-
dent.
Proof. It suffices to show that for each k > 0, the invariants α(m1,...,mr ), (m1, . . . ,mr)
admissible of degree 6 k, are linearly independent.
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Suppose that
∑
(m1,...,mr )
c(m1,...,mr )α(m1,...,mr ) = 0, where the sum is over all admissible
sequence of degree 6 k, and c(m1,...,mr ) ∈ Q for all (m1, . . . ,mr). Then for a ribbon
2-knot K with ∆˜K(t) = 1 + s2(t − 1)2 + s3(t − 1)3 + · · · + sk(t − 1)k , we have∑
(m1,...,mr )
c(m1,...,mr )sm1 · · · smr = 0. By Proposition 6.7, this equation must hold for
any choice of sequence of integers s2, . . . , sk . Hence we have c(m1,...,mr ) = 0 for all
(m1, . . . ,mr). This completes the proof. 2
Theorem 6.10. For each k > 0, the elements κ¯2(W(m1,...,mr )) ∈ J¯k(K2), where (m1, . . . ,
mr) is an admissible sequence of degree k, freely generate J¯k(K2). Hence the rank of
J¯k(K2) and the dimension of Ik(K2)/Ik+1(K2) is equal to pk , the number of admissible
sequences of degree k.
Proof. For each k > 0, we have
pk 6 dimQ
(Ik(K2,Q)/Ik+1(K2,Q))= rank J¯k(K2)6 pk. (9)
Here the first inequality comes from Propositions 6.7, 6.6 and Lemma 6.9, and the
last inequality from Proposition 6.3. Hence J¯k(K2) is freely generated by the elements
κ¯2(W(m1,...,mr )) ∈ J¯k(K2). This completes the proof. 2
Theorem 6.11. The bialgebra I(K2,Q) of rational finite type invariants of ribbon 2-knots
is naturally isomorphic to the polynomial algebra Q[α2, α3, . . .] as an algebra. The
comultiplication is given by ∆(αk) =∑i+j=k αi ⊗ αj , where we set α0 = 1 and α1 = 0.
The counit is given by ε(αk)= 0 for k > 2.
Proof. For each k > 0, I(K2,Q)/Ik+1(K2) is spanned by α(m1,...,mr ) with (m1, . . . ,mr)
admissible of degree 6 k. This implies that there are no relations on α2, α3, . . . . Hence
I(K2,Q)∼=Q[α2, α3, . . .] as an algebra over Q.
For K,K ′ ∈ K2, we have ∆(αk)(K ⊗ K ′) = αk(K]K ′) by definition. Since the
normalized Alexander polynomial is multiplicative under connected sum, we have
αk(K]K
′)=
∑
i+j=k
αi(K)αj (K
′)=
∑
i+j=k
(αi ⊗ αj )(K ⊗K ′),
where α0(K)= 1 and α1(K)= 0. Hence we have ∆(αk)=∑i+j=k αi ⊗ αj .
We have ε(αk)= αk(U)= 0 for k > 2, where U is a trivial 2-knot.
This completes the proof. 2
For some purposes, it will be more convenient to use other generators than αj ’s. We set
t = eh =∑i 1i!hi and, for each K ∈ K2, expand ∆˜K(t) in terms of h. This determines a
power series
∆˜K(t)= 1+ β2(K)h2 + β3(K)h3 + · · · ∈Q[[h]]. (10)
The coefficients βk’s defines homomorphisms βk :ZK2→Q. It is easy to check that βk is
of type k using the fact that (t − 1)k ∈ hkQ[[h]]. We take the logarithm of (10) as follows.
log ∆˜K(t)= β ′2(K)h2 + β ′3(K)h3 + · · · ∈Q[[h]]. (11)
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This defines homomorphisms β ′k :ZK2 → Q. It is not difficult to check that β ′k is of
type k using Proposition 6.6 and the fact that βk is of type k. Moreover β ′k is additive
under connected sum since the normalized Alexander polynomial is multiplicative under
connected sum.
Theorem 6.12. The subspace P(K2,Q) of I(K2,Q) consisting of primitive elements is
spanned by β ′2, β ′3, . . . . We have an isomorphism of algebras I(K2,Q) ∼= Q[β ′2, β ′3, . . .].
I(K2,Q) is a Hopf algebra with antipode defined by γ (β ′k)=−β ′k for each k > 2.
Proof. An invariant f :ZK2→Q is primitive if and only if f is additive under connected
sum. Hence the linear combinations of β ′j ’s are primitive. By an easy dimension count
argument, we can check that, for each k > 1, all the primitive invariant of type k is a linear
combination of β ′2, β ′3, . . . , β ′k . This implies that the primitive elements of I(K2,Q) are
linear combinations of β ′2, β ′3, . . . .
By a well-known result on primitive elements of bialgebras [1], the subalgebra H of
I(K2,Q) generated by β ′k (k > 2) is a Hopf subalgebra of I(K2,Q) with antipode given
by γ (x)=−x for all x ∈ P(K2,Q). By dimension count, we must have H = I(K2,Q).
This completes the proof. 2
Theorem 6.13. The Z-submodule I(K2,Z) of I(K2,Q) is the free abelian group
generated by 1 and the elements
(
α2
j2
) · · ·(αr
jr
)
, where r > 2, j2, . . . , jr > 0 are integers such
that jr 6= 0. Hence I(K2,Z) is generated as a Z-subalgebra of I(K2,Q) by the binomial
coefficients (αk
l
)
, where k > 2 and l > 1.
Proof. Let f :ZK2 → Z be an invariant of ribbon type k. We will show that f is a
Z-linear combination of 1 and the elements
(
α2
j2
) · · · (αr
jr
)
, where r > 2, j2, . . . , jr > 0, and
2j2+· · ·+ rjr 6 k. By Theorem 6.11, f is uniquely represented as aQ-linear combination
of such elements:
f =
∑
cj2,...,jr
(
α2
j2
)
· · ·
(
αr
jr
)
, (12)
where c(j2,...,jr ) ∈Q. We set
F(x2, . . . , xk)=
∑
cj2,...,jr
(
x2
j2
)
· · ·
(
xr
jr
)
∈Q[x2, . . . , xk]. (13)
Then, for a ribbon 2-knotK with ∆˜K(t)= 1+s2(t−1)2+· · ·+sk(t−1)k (s2, . . . , sk ∈ Z),
we have f (K)= F(s2, . . . , sk). Hence, for any sequence of integers, s2, . . . , sk , we have
F(s2, . . . , sk) ∈ Z. By the following well-known fact, cj2,...,jr are integers. This completes
the proof. 2
Fact. A sum
F(x1, . . . , xr)=
∑
j1,...,jr
cj1,...,jr
(
x1
j1
)
· · ·
(
xr
jr
)
is integral for all integral xi if and only if cj1,...,jr are all integral.
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Proof. The “if” part is obvious. The “only if” part is proved as follows. Let 6 be the
partial order on the set Nr defined by (i1, . . . , ir )6 (j1, . . . , jr ) if ik 6 jk for k = 1, . . . , r .
Suppose for contradiction that cl1,...,lr /∈ Z for some (l1, . . . , lr ). We may assume that
(l1, . . . , lr ) is minimal in such sequences. We have
F(l1, . . . , lr )=
∑
(j1,...,jr )6(l1,...,lr )
cj1,...,jr
(
l1
j1
)
· · ·
(
lr
jr
)
∈ Z
since the “higher” terms vanishes from the definition of binomial coefficients. By
assumption cj1,...,jr is integral if (j1, . . . , jr ) < (l1, . . . , lr ). Since
(
l1
l1
) · · · (lr
lr
)= 1, we must
have cl1,...,lr ∈ Z. This is a contradiction. 2
7. On the filtration on classical ribbon knots
In this section we compare the filtration (6) on ZK1 and the usual Vassiliev filtration on
classical knots.
First we recall the definition of the Vassiliev filtration. Let Kc be the set of ambient
isotopy classes of classical knots. Note that K1 is a subset of Kc . We define a descending
filtration
ZKc = J0(Kc)⊃ J1(Kc)⊃ · · · (14)
as follows. For each k > 0, the submodule Jk(Kc) of ZKc is generated by the alternating
sum
∑
P ′⊂P (−1)|P
′|[KP ′ ], where K is a knot diagram in R2, P is a set of k positive
crossing points in K , P ′ runs through all the subsets of P , |P ′| denotes the number of
elements of P ′, and [KP ′ ] denotes the ambient isotopy class of the knot obtained from
K by changing the crossings at each crossing point in P ′. An invariant of classical knots
which vanishes on Jk+1(Kc) is said to be of type k. For more details on the Vassiliev
filtration, see, e.g., [2].
It is clear that we have Jk+1(K1)⊂ Jk+1(Kc) for each k > 0. Hence every classical knot
invariant of type k restricts to a classical ribbon knot invariant of ribbon type k.
Conjecture 7.1. For each k > 0, we have Jk(K1) = Jk(Kc) ∩ ZK1. For k > 2, there is
a natural injective homomorphism ZK1/Jk+1(K1)→ ZKc/Jk+1(Kc) with the cokernel
isomorphic to Z/2Z (which corresponds to the Arf invariant [7]). For each k > 0, every
rational classical ribbon knot invariant of ribbon type k extends uniquely to a classical knot
invariant of type k.
8. Concluding remarks
The theory of finite type invariants of ribbon 2-knots described here and in [3] can be
naturally generalized for ribbon n-knots with n> 2. Also we can naturally generalize the
definition of finite type invariants of ribbon n-knots to that of spherical ribbon n-links, and
prove a finiteness theorem, which is a natural generalization of Theorem 5.8. However we
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have not yet studied the structure of the space of such finite type invariants in detail. They
may be related to the Alexander polynomials or the Alexander modules.
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